Considering the presence of time-delay in actuators and nonvanishing disturbance, a datadriven control technique is developed based on adaptive dynamic programming (ADP) to solve the reagents control problem for flotation processes. First, the reagents control problem is converted into an optimal regulator control problem. Second, a policy iteration (PI) algorithm has been adopted to find desirable adaptive suboptimal controllers. Unlike conventional controllers (PID, MPC) design, the proposed method can achieve the desired control performance by only employing online production data without the complete knowledge of the underlying flotation process dynamics. Specifically, the flotation indexes (tailing grade and concentrate grade) are forced to track the desired values with disturbance rejection and keep reagents consumption to a minimum. The convergence and stability of the proposed data-driven optimal control method are given, and the efficacy is validated in the simulation environment with industrial data.
I. INTRODUCTION
As a widely-used and well-established separation technique in mineral processing, froth flotation is utilized to extract valuable minerals from the gangue by adding certain different chemical reagents in pulp [1] . The perfect combination of chemical reagents is the key to improving the mineral recovery. However, the reagents in practice are often adjusted by the experienced operators, which may lead to serious response delay and observation error. In addition, due to the inherent complexity and many influencing factors, the flotation processes are always associated with time-delay and disturbance, which are sources of poor flotation performance and instability. Hence, the real-time optimal reagents control for flotation processes is a research direction that needs further investigation.
Since time-delay is ubiquitous in flotation processes, the optimal reagents control problem has inspired a number of attempts towards efficient controllers design in the past two The associate editor coordinating the review of this manuscript and approving it for publication was Rathinasamy Sakthivel . decades [2] , [3] . Several model-based strategies have been conducted to increase process efficiency with known parameters. For example, a regression model control is introduced in [4] , a network-based model predictive control method has been examined in [5] and [6] , a stochastic packet dropout model-based control is employed in [7] , two predictive control methods based on multivariable model for effectively controlling the rougher circuit have been developed and evaluated in [8] . A PWARX model-based predictive control technique is presented in [9] . However, in practice, it is hard to build an exact mathematical model for flotation processes that are subjected to dynamic uncertainties (i.e., the mismatch between the simplified model and the real dynamical processes). In this case, robustness analysis arises from the application of these model-based methods to partially known chemical processes with dynamic uncertainties. It has been shown in the past literature that artificial neural network models have good performance for capturing and dealing with inherent non-linearity, time varying parameters and timedelays [10] - [14] . However, when the delay is time-varying and the adjustment must be made on-line, the controllers are ill-adapted to meet the real-time requirements.
A number of flotation process control approaches via fuzzy-based or rule-based controller have been reported in the past few years [15] - [19] . Although, these strategies can exhibit good performance under mild disturbances, their computational burden increases heavily with time-varying delays. Recently, the rapid advancement in the application of machine vision technology has paved the way for imagebased control to evolve into the flotation process. The froth surface properties are often used to achieve desirable flotation performance via regulating the reagents addition [20] , [21] . A considerable amount of literature have been published based on the froth size, color, texture and stability analysis [17] , [22] - [25] . Generally, image-based control approach produces satisfactory results. However, in some cases, divergence and instability problems may appear.
It should be noted that there are still some open problems in the field of the flotation processes control. First, since the parametric variations of flotation processes make it difficult to identify the accurate system model, the performance of the model-based control strategies may be undermined in practice. Second, the flotation processes are always associated with time-delay and disturbance, which may further impair the flotation performance. These aspects drive the need for designing an alternative approach which is capable of handling model uncertainties and achieving robust stability with disturbance rejection in the presence of time-delays. As an effective intelligent control method, adaptive dynamic programming (ADP) is able to solve unknown system dynamics and external disturbances [26] , [27] . Specifically, ADP-based control methods employ on-line measurable data to design adaptive optimal controllers through a data-driven learning approach [28] - [30] . Advantages of on-line adaptive optimal control algorithms have been demonstrated for various processes, see, e.g., [31] - [35] and numerous references therein.
Inspired by the recent developments associated with ADP, the ADP technique is adopted to tackle the reagents control problem in flotation processes. The control objective is not only to force the flotation indexes (concentrate grade and tailing grade) to track the desired values, but also to keep reagents consumption to a minimum. First, in order to achieve this goal, the nonlinear dynamic relationship between chemical reagents and flotation performance is derived from mass balances and empirical relationships. Then, the flotation reagents control problem is formulated as an optimal regulator control problem. A data-driven ADP method based on policy iteration (PI) is developed to deal with the optimal control problem in the presence of time-delay and nonvanishing disturbance, without the exact knowledge of the flotation process. The convergence and stability of the proposed data-driven optimal control method is presented based on rigorous proofs. Through the simulation environment with industrial data, it is shown that the adaptive optimal controller can generally keep the flotation indexes to the desired trajectories.
The remainder of this paper is organized as follows. Section 2 describes the flotation process and its working mechanism. Section 3 formulates the optimal reagents control problem in flotation processes. In Section 4, a data-driven optimal control algorithm based on PI is explained in detail, along with convergence analysis. Some simulation results and discussions compared with conventional control approaches are given in Section 5, in order to illustrate the advantages of the proposed controller. Section 6 gives some conclusions and future work.
Notations. Throughout this paper, R and Z + represent the set of real numbers and non-negative integers, respectively.
is the set of all eigenvalues of A. For a symmetric matrix P ∈ R m×m , vecs(P) = [p 11 , 2p 12 ,
II. FLOTATION PROCESS DESCRIPTION
This paper takes the antimony flotation circuit as an example to illustrate flotation processes. The antimony flotation circuit consists of a roughing bank, two cleaning banks and two scavenging banks as shown in Fig. 1 . Each bank is equipped with an impeller, designed for agitating and aerating the pulp. To start with, the chemical reagents and feeding are added in the mixing tank with water, called the pulp. And then, the mixed pulp is fed into the roughing bank. In this bank, the hydrophobic minerals cling to air bubbles, which rise and form the froth layer at the top of the bank and hydrophilic minerals settle to the bottom. The product of the roughing bank called the rougher concentrate. In order to reject more undesirable minerals, the rougher concentrate is transported to the cleaning bank I. After that, the overflows of the cleaning bank I are conveyed to the cleaning bank II. The froth, enriched in the valuable minerals, is then scraped from the cleaning bank II, known as the final concentrate. Meanwhile, the tailing of the roughing bank flows into the scavenging bank I aims to recover the valuable minerals that were not retrieved during the initial roughing bank. The concentrate of the scavenging bank I is subsequently returned to the roughing bank for refloating and the tailing moves to the scavenging bank II to further recover. The concentrate of the scavenging bank II is then sent to the scavenging bank I. Meanwhile, the underflows of the scavenging bank II are discarded from the bottom of the cell, which forms the final tailing.
For purpose of facilitating the attachment between mineral particles and air bubbles, chemical reagents are usually the preferred manipulated variables in practice. The essence of attachment depends on the mineral surface properties. Therefore, to reach a target flotation performance, it is possible to modify chemical reagents to selectively alter mineral surfaces so that they have the necessary properties for the separation. 
A. WORKING MECHANISM OF A SINGLE FLOTATION CELL DESCRIPTION
Modelling a flotation plant is difficult because of complex physicochemical reactions included in the flotation process. In addition, most of the models found in the pertinent literature involve physical parameters that are actually hard to measure or estimate in the real flotation process. This problem is caused by the absence of adequate instruments and the stochastic disturbance in the flotation process. With these observations in mind, it is a difficult task to build a mathematical model to capture the workings of the flotation process, while keeping the structure of the process model simple enough so that it can be standardized (at least from qualitative aspect) with industrial data.
The flotation model is established on the basis of the twophase structure of the flotation bank in this paper, initially proposed by Harris [36] . Additional assumptions are presented for establishing the flotation process model. On the basis of collision mechanism between mineral particles and air bubbles, the flotation plant is assumed to have the following characteristics:
(a) the flotation bank is divided into two phases: pulp phase and froth phase, which can be seen in Fig. 2; (b) each phase in a flotation bank is perfectly mixed. The variables included in the model can be classified as follows:
(a) manipulated variables: PH value O 1 , collector volumetric flow O 2 , activator volumetric flow O 3 and frother volumetric flow O 4 ;
(b) measured variables: tailing grade R 1 and concentrate grade R 2 . Fig. 3 provides the streams and coefficients relevant to the two-phase model description of a flotation bank.
Inspired by [36] , the mass balance model of each phase can be written as: Froth phase:
Pulp phase:
The physical meanings of the model parameters and process variables are listed in Table 1 . However, M p and M f in (1)-(2) are difficult to measure in practice. In addition, these equations do not reflect the relationship between chemical reagents and flotation indexes.
To overcome these disadvantages, the tailing grade is defined as
in which M p q t /V p denotes the valuable minerals in tailing, q a X a is the valuable minerals in feeding. Similarly, the concentrate grade can be defined as
where M f q c /V f is the valuable minerals in concentrate. Then, from (4) and (3), it follows that
Upon substitution (5) and (6) into (1) and (2), we have
MODELING THE FLOTATION PROCESS
To estimate the effects of reagents addition, the flotation rate constant and dropback rate constant are modified empirically. In the proposed model, pulp phase volume V p and froth phase volume V f are constants. Note that the air inlet rate is not considered in this control structure, because it is rarely to manipulate in this plant. The unknown parameters in (8) and (7) are mineral dropback rate constant from froth phase to pulp phase F d , flotation rate constant F p . From experience, the PH value O 1 has a significant impact on mineral flotability by modifying the mineral surface.
Based on [37] , [38] , F p and O 1 have a proportional relation. In addition, F p is also subjected to the collector volumetric flow O 2 and the activator volumetric flow O 3 . As O 2 and O 3 increase, F p also increases within a certain range [39] . Specifically, the collector is responsible for making the valuable mineral hydrophobic which promotes successful attachment and the main function of activator is to regulate the mineral surface property. Accordingly, it is assumed that:
where α 1 , α 2 , α 3 , α 4 , and F p0 are parameters to be identified.
Honaker et al. [38] pointed out that an increase in O 3 has a moderate effect on enhancing dropback rate constant F d . F d also depends on the froth stability, which is affected by the O 4 . According to [40] , F d is also proportional to the feeding grade. Accordingly, the following equation can be obtained
where β 1 , β 2 , β 3 , and F d0 are unknown parameters to be identified. The nonlinear dynamic relationship between reagents addition and flotation indexes can be obtained by substituting (9) and (10) into (8) and (7) .
III. THE CONTROL PROBLEM FORMULATION A. LINEARIZATION AND DISCRETIZATION OF FLOTATION PROCESS MODEL
To solve the reagents control problem defined in the previous section, an adaptive optimal control strategy is examined to overcome the affects of time-delay and disturbance. Notice that the given flotation indexes are optimal tailing grade R 1eq and optimal concentrate grade R 2eq , which are determined by the feeding grade. By defining
the overall flotation process model can be represented bẏ
represents the bounded external disturbance and D c ∈ R n . τ i is the inputs time-delay and
where d i is a known integer, i = 1, 2, 3, 4, satisfied with
h is the sampling period and 0 < τ i ≤ h.
In view of the trajectory of the input signal at each sampling instant, a continuous-time system can be formulated as a discrete-time system by zero-order hold method [41] . Fig. 4 shows the sampling mechanism for systems with input delay. Therefore, the overall flotation process model (13) can be discretized into
∈ R q and q = n + md 4 . According to (15) , the augmented sampled-data counterpart of system (13) can be written as:
where H d and G di can be obtained from (15) . For the reagents control problem, the goal is to find a feedback control law to force the flotation indexes R follow the desired values and the reagents consumption u is minimized. First, we define a compensator variable v such that
which essentially incorporate an internal model of the constant disturbance, see [42] .
and
where
The following theorem provides a model-based feedback control design method for system (18) .
Theorem 1: If all eigenvalues of A d − B d K are strictly within the unit disk, given a matrix K = K ξ K v ∈ R m×n z , the controller can be designed in the form of u k = −Kz k .
Then, considering (18), we have lim k→∞ x k = 0. i.e., the problem of disturbance rejection and asymptotic tracking with inputs delay is solved.
Proof 1: First, the existence of such a controller K is guaranteed by [42, Lemma 1.37] . The closed-loop system (18) with controller K is
Then, the steady state z * is defined as
where v * is the steady state value of the compensator v.
In particular, v * is determined by the parametrization of K . Thus, the steady state input is u * = −Kz * . Next, let the error state and the error input bez k = z k − z * , u k = u k − u * , respectively. Then, from (20) , we havē
Since A d − B d K is a Schur matrix, we can deduce that lim k→∞z k = 0. It follows that lim k→∞ z k = z * , which entails that lim k→∞ x k = x * = 0 and lim k→∞ u k = u * . Hence, the stability of the closed-loop system can be guaranteed.
To achieve optimal tracking, the compsensator v is an essential step at this point, which acts as an integrator of the tracking errors. In other words, the controller in Theorem 1 is equivalent to a proportional-integral controller.
B. OPTIMAL REAGENTS CONTROL PROBLEM FORMULATION
For reagents control problem, the objective is to design a optimal control law enables the tracking error x converge to zero under the system disturbance D d and inputs time-delay τ i with a minimum reagents consumption on O 1 − O 4 . Now, we deal with optimal reagents control problem by solving the following linear quadratic regulator (LQR) problem: Based on linear optimal control theory presented in [43] , there is a unique solution P * = (P * ) T > 0 to the system of the following discrete-time algebraic Riccati equation (DARE)
The optimal feedback gain K * can be computed by
Note that the DARE (23) is nonlinear in P which is hard to solve it directly. Thus, the following policy iteration (PI) algorithm developed in [44] is reviewed to solve (23) . The algorithm involves two steps: policy evaluation (25) and policy improvement (26) . Policy evaluation is applied to calculate the cost of the current control strategy, and the role of policy improvement is to find a improved control strategy with the corresponding evaluation result. The two operations are performed in an iterative manner to approach the optimal control policy. Algorithm 1 PI Algorithm 1: Find a K 0 such that A d − B d K 0 is a Schur matrix. j ← 0. Select a sufficiently small constant > 0. 2: repeat 3: Compute P j and K j+1 by
4: j ← j + 1 5: until P j − P j−1 < .
Remark 1:
For all sequences P j ∞ j=1 and K j ∞ j=1 , considering P j and K j derived from (25) and (26) , which satisfies the following properties: 1) lim j→∞ K j = K * ;
2) lim j→∞ P j = P * .
For the proof of convergence, the reader is referred to [44] .
It is evident that the system dynamics A d , B d and D d need to be known if this model-based method is used. However, due to the high-complexity of real flotation plant, the accurate identification of the system dynamics is costly to conduct. The data-driven control structure is shown in Fig. 5 . Online X-Ray fluorescence provides elemental concentrations to calculate the real-time grade of tailing and concentrate. ξ k provides the information of current state x and the historical trajectory u. According to the error between measured state R and the reference state R eq , variable v k functions as a compensator to force the tailing grade R 1 and concentrate grade R 2 tracking the desired values. The feedback control gain K can be derived by the PI-based ADP control scheme. And then, the optimized reagents addition is implemented to the flotation process.
For the flotation reagents control problem, the control objective is to guarantee that the state x defined in (13) can track the given reference trajectory with a quite small tracking error based on ADP controller. In the next section, a data-driven solution is given to resolve the optimal reagents control problem during the flotation process.
IV. ADP CONTROLLER DESIGN SUBJECT TO INPUTS TIME-DELAY AND DISTURBANCE
In this section, a data-driven ADP-based optimal control policy is presented for solving the reagents control problem during flotation process in presence of inputs time-delay and nonvanishing disturbance. Inspired by [45] , we develop a policy-iteration (PI) algorithm to design the optimal control strategy by measured data online.
A. PI-BASED ADP DESIGN
The augmented system (18) can be rewritten into (27) in which A j = A d − B d K j . VOLUME 7, 2019 We define the following matrix: 
Then
Based on Kronecker representation, one has
Given a sufficiently large positive integer s, we define
For any stabilizing K j , equation (28) can be indicated by 
Algorithm 2 PI-Based ADP Algorithm 1: Choose a stabilizing control K 0 and a sufficiently small constant > 0. 2: Apply u j k = −K j z k + e k on [k j,0 , k j,s ] with e k an exploration noise. 3: repeat 4: Solve P j , K j+1 from (29) and (31)
Assumption 1: For all s > s * , there exists a s * > 0 such that and for time instant k 0 < k 1 < · · · < k s , j is of full column rank.
Remark 2: Similar to [45] , we apply u k = −K 0 z k + e k as the control input with an exploration noise e k to satisfy Assumption 1.
Under Assumption 1, the matrix equation (29) can be uniquely determined by the least squares approach
It follows that K j+1 can be updated using the result of (30):
Finally, the ADP-based control algorithm for flotation reagents control is given in Algorithm 2, only input and trajectory data are needed, without any accurate knowledge of system dynamics. The convergence results of Algorithm 2 is shown in the following theorem:
Theorem 2: Under Assumption 1, the following properties hold:
1) lim j→∞ P j = P * , 2) lim j→∞ K j = K * .
Proof 2: Given a stabilizing K j , if P j = P T j is the solution of (25), then K j+1 is uniquely determined by (26) . By (28) , the corresponding matrices P j and K j+1 that satisfy (30) and (31) can be obtained. Let P and K solve (30) and (31) . Since j is of full rank, we immediately have FIGURE 6. Comparisons of K j and P j with their optimal values. P = P j and K = K j+1 , which implies that the least square solution of (30) and (31) is equivalent to the one in Algorithm 1. Thus, one can check the convergence of P j and K j+1 .
Then, we show the local stability of the learned controller. Theorem 3: After applying the control policy K j * learned from Algorithm 2, the flotation indexes are forced to the desired values, i.e., lim k→∞ x k = 0. Proof 3: Based on Theorem 2 and [44] , A d − B d K j * is a Schur matrix. The closed-loop system with the learned controller meets the design requirement
According to Theorem 1, we have lim k→∞ x k = 0.
V. SIMULATION STUDIES AND ANALYSIS
In this section, the validity and stability of the proposed optimal ADP controller compared with the conventional Proportional-Integral-Derivative (PID) and Model Prective Control (MPC) control schemes are expounded through numerical simulations.
A. SIMULATION RESULTS UNDER ADP CONTROLLER
To model the flotation reagents control system, 4,000 reagents addition data from the flotation plant are collected, as well as the corresponding 4,000 concentrate grade and tailing grade data. In the flotation process model (13) , By observation, we note that τ 1 = 0.03s, τ 2 = 0.15s, τ 3 = 0.25s, τ 4 = 0.37s. The sampling period is chosen as 0.1s. Weight matrices are selected as Q = 10 −5 I 18 , and R = I 4 . The exploration noise is generated using an appropriate random generator.
First, for purpose of verification, the optimal control gain K * is computed by solving (23) . Then, the validity of the proposed ADP-based PI Algorithm 2 has been verified, which does not rely on the accurate knowledge of the flotation process model. Specifically, the data are collected along the trajectories of the closed-loop system for learning the feedback gain K * of the optimal controller. The matrices u , kz , zu , zz , δ zz , Iz , and Iu are computed until j is of full column rank according to the proposed ADP-based PI Algorithm 2.
It is checkable that P j and K j computed by Algorithm 2 converge to the optimal values after 4 iterations, which is illustrated in Fig. 6 . Thus, the adaptive optimal controller based on PI algorithm is obtained. After that, we implement the learned optimal controller to the system at k = 30s and obtain the following results. Trajectories of the tailing grade x 1 and concentrate grade x 2 are shown in Fig. 7 . It is easily seen that the tailing grade and concentrate grade can maintain at desired values after k = 30 under the controller obtained from Algorithm 2. The suggested reagents addition u = [u 1 , u 2 , u 3 , u 4 ] is obtained via the adaptive optimal controller as can be seen from Fig. 8 .
B. SIMULATION RESULTS UNDER PID CONTROLLER
To demonstrate the efficiency of the proposed ADP control approach, a PID controller has been implemented to the flotation process. By employing
where K p , K i and K d are gains for PID controller, L is the feedforward term, which intends to accelerate the response are designed by using trial and error from experience. Fig. 9 shows the trajectories of the tailing grade x 1 and concentrate grade x 2 under PID controller. The large overshoots exhibit in the tracking performance with PID control method due to the system parameters uncertainty during operating in the real flotation process. Specifically, the overshoots of x 1 and x 2 from set-points with PID control method are 0.041 and 0.19, respectively. While those in ADP controller is about 0.002 and 0.16, respectively. In the PID control strategy, control inputs of the flotation process, u 1 , u 2 , u 3 , and u 4 are illustrated in Fig. 10 . In comparison with the suggested reagents addition in ADP, the reagents consumption of u 1 , u 2 , and u 3 is increased by 3.6%, 4.07%, 2.04%, respectively. Especially the suggested reagents addition of u 4 , which is not recommended during flotation process, because the high consumption of flotation reagents is disadvantageous for economic benefits. Overall, the performance of PID controller is unsatisfactory with the overshoot of tracking error and high reagents consumption.
C. SIMULATION RESULTS UNDER MPC CONTROLLER
A conventional model predictive control (MPC) approach is also carried out to make a comparison with the proposed data-driven ADP control method. Based on flotation process model (18) and (19) , the target function is defined as
where r(k + j) = 0 is the target value of the tracking error x k , u k is the control input. The MPC control strategy can be obtained by using quadratic programming [46] . The ''Predic-tionHorizon'' and ''ControlHorizon'' of MPC controller are set to 20 and 2, respectively. The trajectories of system states x = [x 1 , x 2 ] T and the control inputs u = [u 1 , u 2 , u 3 , u 4 ] T under MPC controller are shown in Fig. 11 and Fig. 12 , respectively. It lead to undesirable performance with high reagents consumption and state x 1 unable to follow the desired trajectory perfectly, which demonstrates that modeling error or external disturbances can severely degrade the performance of MPC controller in real-world scenarios. Since derive an accurate model which can represent the behavior of flotation dynamics is difficult. In addition, some disturbances cannot be calculated in practice. Table 2 gives the states convergence performance and suggested inputs of each control method. It is plausible to find out that ADP controller has minimum tracking error and reagents consumption, which outperforms the conventional PID controller and MPC controller, without any knowledge of flotation dynamics. More specifically, the success of the proposed ADP-based control method for flotation reagents control relies on the design of the internal model as in (17) . It can be observed that the compensator variable v of the internal model (17) playing a key role in facilitating the convergence of the controlled variables (tailing grade and concentrate grade) and the rejection of the constant disturbance. Without this internal model, it is not difficult to see that the steady-state equilibrium of system (16) is non-zero. Overall, it is clear from Fig. 6 − Fig. 8 that the flotation process can be effectively forced to the designed operating equilibrium using ADP-based Algorithm 2 without any knowledge of flotation dynamics. Note that the flotation process is a slow industrial process, so its responding time is long. Fig. 13 shows the flotation process reagents control system, which including a reagents control panel assembled on PLC, reagents control device, reagents box, and reagents control-Net. The X-Ray fluorescence provides the tailing grade and concentrate grade every three minutes. The control system is able to receive measurement data from devices in real-time, and can provide indications to control variables for better flotation performance. Therefore, the proposed data-driven reagents control scheme based on ADP using only measured data can be implemented in reality.
D. PERFORMANCE COMPARISON UNDER EACH CONTROLLER

VI. CONCLUSION
The flotation reagents control problem subject to inputs timedelay and external disturbance has been addressed based on adaptive dynamic programming technique. The proposed ADP is a data-driven methodology without requirement of system dynamics. To begin with, we formulated the reagents control problem as a linear regulator control problem. Then, a PI-based ADP algorithm is established to design the optimal control law where the input delay caused by online measurement and data transmission is considered. Simultaneous disturbance rejection and tracking control is achieved by the learned control policy. Finally, simulations show that the proposed ADP-based control algorithm provide better performance in capable of adapting to the time-delay, compared with conventional PID and MPC control methods. Notably, the stability of the flotation process is also guaranteed. Our future work will focus on the pulp level control of cleaning bank and scavenging bank for fully automatic flotation optimization.
